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FEEDBACK SPREADING CONTROL UNDER SPEED
CONSTRAINTS*
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Abstract. This paper is concerned with the control of spread in semilinear parabolic systems.
It first introduces a formula in order to measure the speed of a spread. Then feedback spreading
control laws under speed constraints are studied by a set-valued approach. The optimality of such
laws is examined in the case in which the system is affine dependent upon the control.
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1. Introduction. Spreadable distributed parameter systems provide a math-
ematical context for modeling expansion phenomena which may arise in spatially
distributed processes; cf. [6, 7] and the references therein.

In handling the control aspects of that concept, a first attempt has been made
in [8], where it is shown that spreading control can be determined by minimizing a
rather unusual criterion, which is partly quadratic but contains a nonquadratic term.
Conditions for a solution are given, the optimality system is derived, and algorithms
for the resolution are determined. It is even of interest to cite [9], which relates
spreading control to actuators for a class of linear distributed parameter systems.

Nevertheless, all of the approaches cited above have the disadvantage of being
restricted to linear systems and concern only a few situations. In a recent study [13], it
has been pointed out that feedback spreading controls for semilinear partial differential
equations may be investigated in the framework of monotone solutions with respect
to a preorder; cf. [1, 17]. Then the application of some results on monotonicity by [4]
has allowed us to characterize these controls as selections of a certain set-valued map,
which is defined by a set of tangential conditions.

The present study continues the investigation of the field as expounded in [13] by
essentially concentrating on the speed of a spread. For this, we are motivated by the
technical need to design spreads, taking into consideration both the speed and the
time of spreading; cf. [8]. First, we propose a convenient setting in which the measure
of the spread speed can be rigorously made. Then, due to some set-valued analysis
facts, we examine the existence of feedback spreading control laws, which generate a
spread either slower or quicker than a desired given speed.

In this paper, the following definitions and notation are used. Let Y be a Hilbert
space; then a set-valued map Q : S — 2Y \ {}} is said to be lower semicontinuous (lsc)
whenever the following property holds: For each zp € S and any sequence of elements
zn, € S converging to zg, for every yo € Q(2¢), there exists a sequence of elements
Yn € Q(z,) which converges to yo.
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The graph of @ is denoted by
graph(Q) = {(z,9) e Sx Z |y € Q(2)}.
The inverse of @ is the map Q' : Y — 2° defined by
Q 'y)={2€S|ycQ(z)} foreachyecY.
A selection of the map @ is a mapping v : § — Y, which satisfies
v(z) € Q(z) for each z € S.

We quote Michael’s selection theorem, which states that any lsc set-valued map with
closed convex values has a continuous selection; cf. [5].

A mapping from Z to Y is said to be demicontinuous if it maps strongly convergent
sequences in Z into weakly convergent sequences in Y cf. [15].

When the scalar product in Y is clear from the context, it is denoted by ( ; ).

The projector of best approximation on a closed convex subset K of Y will be
denoted by mx(+).

The directional derivative of a functional £ : S — R in the direction of y € Y, if
it exists at a point z € S, is denoted by

(1.1) dl(z)(y) = lir}ﬂinf

Note that, if ¢ is Gateaux differentiable at z, then we get
dl(z)(y) = (VL(z),y) foreachyeY,

where V{ denotes the Gateaux derivative of ¢; cf. [11].

The paper is organized as follows: In section 2, we set the spreading control
problems in their open loop form. Then section 3 gives the basic results on feedback
spreading control laws. In section 4, we state the speed functional and show some
results which justify its definition. In section 5, we deal with feedback spreading
control laws under speed constraints. Finally, section 6 is devoted to the optimality
of these control laws.

2. Statement of the problem. Let 2 C R” be an open and bounded domain
with sufficiently smooth boundary 9, and set @ = Q x (0,00[. Let A be a second
order elliptic operator on (2 given in the form

"0 0 - 0

2.1 A=— — | ayi(z)=— i(x)=— ,

with the smooth functions a;;, a;, and ag. For convenient boundary data, it can

be assumed that the operator —A stands for an unbounded densely defined linear

operator which generates a Cy analytic semigroup (S(¢))i>0 on Z = L*(Q); cf. [2, 3].
We consider the semilinear parabolic control system

9z

(2.2a) T

+ Az =¢(z,v) inQ
with initial data

(2.2b) z(z,0) = zo(x) in Q,
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where zg € dom(A) (i.e., the domain of A) and ¢ denotes a nonlinear operator which
maps S X V into Z, with V' another Hilbert space and S a closed subset of Z. Let w
be a map defined as follows:

(2.3) w:ScZ—2%

DEFINITION 2.1 (cf. [6]). A measurable function © : [0,t1] — V is called a
spreading control with respect to w if there exists a solution Z which satisfies

(2.4a) Z(t) e S forallt € ]0,t]
and
(2.4b) (w(Z(t)))o<t<t, is nondecreasing.

As an instance of the map w, we consider the pollution process; cf. [8, 12]. It takes
place when the system which describes the concentration of pollutant is spreadable
with respect to w, with

w(z) = {z € Q] 2(z) > 2max},
where zpax 1S a tolerance coefficient. Let t; > 0, and set
Vi ={ve L%*(0,t,,V) | v is a spreading control with respect to w}.

For each control v € V;, denote by z(:,v) the solution of (2.2) on the interval [0, #;;
then a natural way to define the speed of the generated spread (w(z(¢,v))): may be

AMw(z(t+ h,v)) \ w(z(t,v)))
h

where A\ stands for the Lebesgue measure on 2. Then, roughly, the control problems
we shall consider in this paper are stated as follows:

2.5) speed(t,v) = lim inf >0 foreachtel0,t],
R1O

Find a control v, € Vi such that
™ speed(t,v;h) > m(t) for all t € [0,¢]
and

Find a control v, € V; such that
m speed(t,v,,) < m(t) for all t € [0,¢],

where m : [0,¢;[ — R stands for a measurable function. Also, we are concerned with
investigating the optimal control problems

. 2 .
pt min [[vs[|72(9 ¢, 1) Subject to
9m g is a solution of P

and

p- min Hvs||2Lz(0’t17V) subject to
fm 4 is a solution of P,.
Note that there are two technical notes which might be taken into account:
(i) According to [13], it should be of interest to seek feedback spreading control
laws in the form

(2.6) vs =1(z) foreach z € S.

(ii) In general, the Lebesgue measure A does not provide a well-defined function
speed(+,-). That, a priori, depends upon the differentiability of A o w in the
sense of Dini; cf. [11].
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3. Preliminaries on feedback spreading control laws. In this section, we
present a summary of the main definitions and results related to the concept of feed-
back spreading control. Let w be as in (2.3).

DEFINITION 3.1 (cf. [13]). The mapping ¢ : S — V is said to be a feedback
spreading control (fsc) law with respect to w if, for all initial data zo in S, there exists
a solution Z which satisfies

(3.1a) zZ(t) e S for allt € [0,t1]
and
(3.1b) v =¢(Z) is a spreading control.

Next, for each couple (y,z) € Z x S, consider the following tangential condition:

forall § > 0,30 < h < §, and ||p|| <& such that
(3.2) S(h)z+ h(y+p) € S and
w(S(h)z + h(y +p)) D w(2).

Then define the set-valued maps

(3.3) T.(z) ={y € Z| (3.2) holds with (y,z)} foreachz€ S
and
(3.4) Fo(z) ={veV|p(zv) €T,(z)} foreachzeS.

Also, we need to let
(3.5) S = 1{(y,2) € 8% |w(y) D w(2)}

and make the following assumption.
Assumption 3.2. The semigroup S(-) is compact.
We are ready to present the following basic result which characterizes fsc laws.
THEOREM 3.3. Let Assumption 3.2 hold, and let ¢ : S — V be a measurable
function. Furthermore, assume that
(i) X, is closed,
(ii) o(-,<(+)) is demicontinuous on S.
Then < is an fsc law with respect to w iff < is a selection of F,,.
Proof. See [13, Theorem 3.1]. O
It should be convenient to emphasize that, in Theorem 3.3, only ¢(-,¢(+)) is
required to be demicontinuous, and there are no continuity assumptions on ¢ or g.
Also, note that Assumption 3.2 is generic for parabolic systems; cf. [3, 16].
Remark 3.4. Tt is useful to notice that the subset 7,(z) may be expressed in
terms of contingent subsets [17], which are given by

d(S(h)z+ hy,D)
$in0) )

TH(z) = {y €Z| li%ionf

We have, by considering (3.2),

T.(z) = Tﬁu(z)(z) for each z € S,
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where
(3.6) P,(z)={ye Z|w(y) Dw(z)} foreachzeS.

In the preliminary result below, we use the following assumption.
Assumption 3.5. ¥, is closed, and the map w™! has convex values.
LEMMA 3.6.

(i) The map 7T, has closed values.

(ii) Under Assumption 3.5, the map 7, has convez values.
Proof. Let z belong to S; then the tangential condition (3.2) yields

T =N U [P() - 507
6>0  he(0,6)

Then it is obvious that 7, (z) is closed.
Regarding (ii), let y,y € 7,(2), and «, 8 > 0 such that « + 8 = 1. It follows that

S(h)z + h(ay + BY) = a(S(h)z + hy) + B(S(h)z + hy).

Now it is not hard to show that Assumption 3.5 implies that the map P,, has closed
convex values. It follows that the function

y € Z—d(y, P(2))
is convex, and therefore we get
d(S(h)z + h(ay + By), Pu(2)) < ad(S(h)z + hy, P,(2)) + Bd(S(h)z + hy, P.(2)).

Consequently, Remark 3.4 yields the result. 0

4. The speed functional. Let p be a measure on 2. By the speed functional,
we mean the functional defined on graph(7,) by

o ww(S(h)z + h(y +p)) \w(z))
(4.1) 6(y,2) =, hminf h
for each z € S and y € 7,(2).

Let

To=pow: 8§ — RT,
2 plw(2).
Next, we prove some immediate properties which are verified by the speed functional.
ProrosIiTION 4.1.
(i) 0 is well defined and has values ranging in [0, co].

(ii) Assume 7, to be locally Lipschitz on S. Let v and Z be as in Definition 2.1,
with p instead of \; then we have

(4.2) speed(t,v) = 0(p(2(t),v(t)), 2(t)) for each t € [0,t].
(iii) Suppose that S and 7, are convex; then we have

(4.3) 0(y,2) =dr,(2)(y — Az)  for each y € T,(z) and z € S N dom(A).
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Proof. First, note that (i) is simply a consequence of (3.2) and (3.3). To show
(ii), let © and z be as in Definition 2.1, and denote @(-) = p(z(+),v(+)). For t € [0, 4],
we get

zZ(t+ h) = z2(t) + h(p(t) + pr) with pp, — 0 when h — 0.
Then, applying formula (4.1) yields

Tw(S(h)z(t) + h(@({) +p)) — Tw(2(1)

0(o(2(t),5()), 2(t)) = liminf

rio.pl—o A h )
i TR BB =) T ()
110, pl|—0 h

Now, we observe that

Tw(Z(t+h) +h(p—pr)) —7w(2(t)) = 7u(2(t+h)) — 7 (2(1))
+Tw<2(t + h) + h(p - ph)) - Tw(z(t + h))

We use the fact that 7, is locally Lipschitz to obtain

Tw(Z(t + ) + h(p — pn)) — T (2(1))

im =0.
h10,||pl|—0 h

Therefore, (ii) is proved if we refer to (2.5).

Regarding statement (iii), we first remark that, due to its convexity, the map-
ping 7, has a directional derivative on S, and dr,(z)(-) is continuous for each z;
cf. [11]. On the other hand, we have

S(h)z =2z —hAz+ hpyp, for each h > 0, with p, — 0 when h — 0.

It follows that

L To(z+ h(y — Az +p)) — 7,(2)
= 1 f .
0y, 2) = fiminf 5

Therefore, we have

0(y, z) = liminf d7,(2)(y — Az + p),

llpl|—0

and consequently we obtain (4.3) thanks to the continuity of the directional deriv-
ative. ]

As an important consequence, we stress that the speed functional provides a
proper tool in order to measure the speed of the spread generated by a spreading
control, especially when 7, has a directional derivative, in which case formula (4.3)
can easily be used.

Remark 4.2. Note that in (iii) the assumption “7, is convex” may be replaced
by “1, is Gateaux differentiable.” In this case, we obtain the formula

(44)  O(y,z) = (V1,(2);y — Az) for each y € 7,(z) and z € S Ndom(A).

Next, we show a technical result to be used in the subsequent sections. To this
end, let us consider the following assumption.
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Assumption 4.3. For each sequence (z,), C S and (y,)n C Z such that y, €
T.(zn) for every n, we have

zn, — 2z (strong)

Yo — 3 (weak) =y € 7,(z), and 0(yn, 2,) — 0(y, 2).

Then we can prove the following result, which studies the convexity of the map-
ping 6(-, z) on 7,(2).
LEMMA 4.4. Let Assumptions 3.5 and 4.3 be satisfied; then we have the following
statements:
(i) If 7, is convex, then 0(-, z) is convex on T, (z) for each z € S.
(ii) If 7, is Gateaux differentiable, then, for each o, 8 > 0 with a + 8 =1, we
have

Olay + By, z) = ab(y, z) + 80(y,z) for each z € S and y,7 € T,(2).

Proof. For z € § N dom(A), by considering Proposition 4.1(iii), we can easily
see that 6(-,2) is convex on 7,(z) because dr,(z) is such. Now let z € §; then
z = lim,,— o 2, for a sequence (z,), C SNdom(A). Let o, 8 > 0 such that a+ 5 =1
and y,y € 7,(2); then using Assumption 4.3 yields

0(ay +By,z) = lim O(ay + By, zn)
< alim 0(y,z,)+ S lim 6(g, z,)
< ab(y, z) + B0(7, 2),

and hence (i) is shown. Similarly, statement (ii) easily follows from Remark 4.2 and
Assumption 4.3. O

5. Feedback spreading controls with constraints on the speed. In this
section, based on the results provided by Theorem 3.3 and Proposition 4.1, we suitably
restate the spreading control problems P} and P, of section 2 in their feedback
version. Let v be a nonnegative measurable function on S; then problem P, may
read as follows:

Pt Find an fsc law v = ¢ (2) such that
v p(z,v) > v(z) for each z € S.

Also, problem P, can be reformulated as

p- Find an fsc law v = ¢, (2) such that
v p(z,v) < v(z) for each z € S,

where the functional p is defined according to (4.2) by

(5.1) p(z,v) = 0(p(z,v),z) for each z € S and v € F,(z),
and F,(-) is as in (3.4). Now define the following maps for each z € S:
(5.2a) TV (2) = {y € T(2) | 0(y, 2) > v(2)}

and

(5.2b) f;’Jr(z) ={veV|pzv)e ’Z:ﬂﬁ (2)}.
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We also need to set

(5.3a) 17 (2) ={y € Tu(2) | 0(y, 2) < v(2)}
and
(5.3b) Fo () ={veV]p(zv) eT) (2)}

Consequently, providing that the assumptions of Theorem 3.3 are satisfied by ¢f (with
e denoting + or —), the following statement holds:

(5.4) ¢¢ is a solution of problem P¢ <= ¢ is a selection of FY .

For both problems P} and P, , we respectively define the subsets of admissible
speeds v as follows:

(5.5a) Al ={v:8 —» R" |for all z € §,3y € 7,(2) such that §(y,2) > v(z)}
and
(5.5b) A, ={r:S — R |forall z € S,y € T,(2) such that 0(y,2) < v(2)}.

In order to state an existence result for problem P} for appropriate speeds v, we first
begin by proving the following lemma, which studies the lower semicontinuity of the
map P} .
LEMMA 5.1. Let Assumptions 3.5 and 4.3 be satisfied. Furthermore, suppose
that
(i) 7o, is lsc,
(ii) 7, is Gdteaur differentiable,
(iii) v € Al and is upper semicontinuous.
Then the map 7:’+ is lsc.
Proof. Since v € A}, it can easily be seen that ’];’,ﬁ (z) # 0 for each z € S. Now,
to see that this map is lsc, it suffices to show that the functional

g:2€8 = dyo, TV (2))

is upper semicontinuous for each yy € Y; cf. [5, Lemma 4.2]. Indeed, given yg € Y
and z € Z, we have

(5.6) o(z) = min - lyo —yll*

By virtue of Lemma 3.6, 7,,(z) is closed and convex. On the other hand, the func-
tion v(z) —6(-, z) is continuous (by Assumption 4.3) and convex (due to Lemma 4.4).
Then there is a unique y4(z) € 7, (z) which solves the optimization problem (5.6).
For such a problem, the fact that v € A} obviously provides the Slater condition as
in [11, Theorem 6.7] yields the formula
(5.7) g(z) =sup inf {|lyo —yl*> + Av(z) —0(y,2))} foreach z € S.

A>0Y€TL(2)
Now let (z,,), be a sequence in S which converges to z. By condition (i) and the fact
that y1(z) € 7,(z), there exists a sequence y,, € 7,(z) which converges to y4(z). It
follows that

(5-8) yG}nf ){Hyo —ylIP + A (zn) = 0y, 20))} < llyo = yall* + Mv(2n) = 0(yn 20))

wlZn
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for each A > 0 and n € N. However, since v is upper semicontinuous and

e(ynv Zn) - 9(y+(z)v Z),

we get

hmsup(”(zn) - a(yn, Zn)) < V(Z) - 0(y+(z)7 Z) <0.

n—oo

Consequently, by passing to the lim sup in (5.8), we obtain

(5.9)  tmsup inf  {[lyo —yl* + A(#(20) = 0(y, 2))} < llyo — y1(2)]”

n—oo Y w Zn)

for each A > 0. Next, by writing j(z,) by (5.7) and noting that

lim sup sup[-] < sup limsup[],
n—oo A>0 A>0 n—oo

we get the desired inequality

limsup y(z,) < 3(2),

n—oo

ending the proof of the lemma. O

Now we turn our attention to examine the lower semicontinuity of the map 7V
as defined by (5.3a). Arguing as in the proof of Lemma 5.1, we can easily show the
following result.

LEMMA 5.2. Let Assumptions 3.5 and 4.3 be satisfied. Furthermore, suppose
that

(i) 7o, is Isc,
(ii) 7, is convex or Gdteaur differentiable,

(iii) v € A, and is Isc.

Then the map TY s Isc.

Consequently, we are in a position to provide existence results for problems P}
and P, . For that purpose, we need to take into consideration the following hypothesis.

Assumption 5.3. For each z € § and y € 7,(z), there exists v € V such that
p(z,0) = y.

PROPOSITION 5.4. Let Assumptions 3.2 and 5.3 hold, and assume that all of the
conditions of Lemma 5.1 (resp., Lemma 5.2) are satisfied. Then there exists an fsc
law which solves problem PY (resp., problem P ).

Proof. By Lemma 5.1 (resp., Lemma 5.2), the map ’Z:’Jr (resp., 7V ) is Isc. More-
over, due to Assumption 4.3 and Lemma 4.4, it has closed convex values. Then, thanks
to Michael’s selection theorem which is stated in section 1, the map ’]:jﬁ (resp., 7V )
admits a continuous selection y4(-) (resp., y—(+)). Next, we can use Assumption 5.3
to construct a mapping ¢, : § — V (resp., s, ) in such a manner that

o(z,65(2)) = ye(z) for each z € S with e € {+,—}.

Consequently, by using Theorem 3.3, it follows that ¢ (resp., ¢, ) stands for the
desired fsc law. d
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6. Optimality of fsc laws with speed constraints. In the same spirit of sec-
tion 5, we investigate in this section the feedback versions of optimal control problems
ng ., and Pej s Which are stated in section 2. Let v be a measurable function defined
from § with nonnegative values; then problem ng m May read as follows:

Find an fsc law v = ¢ (z) which solves

+
min ||v]|? subject to ¢(z,v) € 7;”+(z) for each z € S.

0,v

Also, problem Pa_, o can be restated as
p- Find an fsc law v = ¢_(z) which solves
v min ||v]|* subject to ¢(z,v) € T (z) for each z € S.

By virtue of Theorem 3.3, the above problems can be treated through satisfying what
follows.
(a) The involved parameterized minimization problems

(6.1) min ||v|? subject to ¢(z,v) € T¥ (z) for each z € S

uniquely have solutions ¢ (+) for each 2 € S and € € {+, —}.
(b) Let the mappings ¢(+,<(+)) be demicontinuous.
Next, we need to assume that (2.2a) is affine in the controls; i.e.,

(6.2) o(z,v) = B(z)v+ f(z2) foreachz€ Sandv eV,

where f and B act in S and have images, respectively, in Z and L(V, Z).

First, we show a result on the optimization technique to be used in order to solve
the problems (6.1).

LEMMA 6.1. Let f € Z and T be a closed convex subset of Z. Let B € L(V, Z)
be a linear operator satisfying the following condition:

(6.3) | B*ul|? > m||u||®>  for each p € Z with m > 0.

Then the minimization problem

(6.4) min _||v||?
Buv+feT
has a unique solution vg = —B* g, where ug is uniquely given by the optimality system

65) 1B oll? < (uo. f —v) for cachy € T,
: f—BB*uyeT.

Proof. See the appendix. 0

Now we consider the following assumption.

Assumption 6.2.

(i) The mapping f : S — Z is continuous.

(ii) For each sequence (z,)n C S, (vn)n C V, and (pn)n C Z,

zn, — # (strong) and v, — v (weak) = B(z,)v, — B(2)v (weak),
zn, — % (strong) and p, — p (weak) == B*(2p)pn — B*(2)p (weak).
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(iii) For each z € S, the operator B*(z) satisfies the coercivity condition which
is required in (6.3),

(6.6) IB*(2)ull* = m||u]|*  for each p € Z,

where the coefficient m, > 0 is such that, for each o > 0, there exists M > 0 such
that m, > M for each z € S, ||| < a.
Then we are ready to examine problem IF’;V.
THEOREM 6.3. Let Assumptions 3.2, 3.5, and 6.2 be satisfied. In addition,
suppose that
(i) the map T, is Isc,
(ii) 7, is Gdteaux differentiable,
(iii) v € Al and is upper semicontinuous.
Then the mapping ¢, (+) of (6.1) stands for the unique solution of problem }P’g',y.

Proof. By Lemma 4.4, the map 7, has closed convex values. Then the map ’]l’j+
of (5.2a) also has closed convex values. This results, respectively, from Assumption 4.3
and Lemma 4.4 (ii). Therefore, all conditions of Lemma 6.1 are satisfied for each z € S
with B = B(2), f = f(z), T = T*" (), and the coercivity condition (6.6). Hence
the minimization problem (6.1) has ¢ (z) as a unique solution for each z € S. In
addition, by using Lemma 6.1, we have

(6.7) ¢ (2) = —B*(2)po(z) for each z € S,
where po(z) = po is uniquely determined by

|1 B*(2) pol|? < (o, f(2) —§> for each y € 7¥" (z) and z € S,
f(z) = B(2)B*(2)po € T (2).

Now it remains to show that ¢ (-) stands for an fsc law. According to (b) above, this
holds if the mapping

(6.8)

¢s = [+ B()sr = f = B()B*()po(*)

is demicontinuous.

Indeed, let (2,,)n be a sequence with (strong) limit z € S and y € Zj’+ (2). Due to
Lemma 5.1, the map T;Jr is Isc; then there exists a sequence (y,), which converges
to y and satisfies

Yn € ’]:j’+(zn) for each n.
Therefore, by (6.8), we have

1 B*(zn) 10 (zn)[I* < (p0(2n), f(2n) — yn) for each n.

Consequently, since the sequence (f(z,))n is bounded (due to Assumption 6.2 (i)),
it follows that the sequence (po(zn))n is bounded too. It therefore has a subse-
quence (po(zx))x which is weakly convergent to fig € Z.

Now, since {so(z&); f(2%) — ) — (o; () — ) (because f(zx) -y — f(2) —
strongly and puo(zr) — fip weakly), we get by passing to the liminf in the last in-
equality

lim inf || B* (21)po () |* < {fio; f(2) — y).



1292 K. KASSARA

Therefore, due to Assumption 6.2 (ii), it follows that

(6.9) 1B*(2)iao]|* < liminf || B* (1) po(21)||* < (fio; f(2) — y)
for every y € ’Z;ﬁ (z). By using Assumption 6.2 (ii), we get

bs(zr) = fzr) — B(zi) B* (z1)po(26) = f(2) — B(2)B*(2)jio-

This implies, due to Assumption 3.5 and the upper semicontinuity of v, that

f(2) = B(z)B*(2)jio € T (2).

Therefore, by (6.9), fig satisfies the optimality system (6.8), and then we obtain, by
uniqueness,

fio = po(2) and f(2) — B(z)B*(2)fio = ¢4(2).

Consequently, the sequences (110(2zn))n and (¢s(z,))n are, respectively, weakly con-
vergent to ug(z) and ¢s(z). Thus, as desired, the mapping ¢, is demicontinuous on
the subset S. O

Remark 6.4. From the proof of Theorem 6.3, it follows by Assumption 6.2 that
the minimal fsc law

¢ ==B"()po()

is also demicontinuous.

Remark 6.5. The proof of Lemma 6.1 in the appendix is informative on the
technique to use in order to compute ¢.. In fact, we can use the optimality sys-
tem (A.3), from which a sequence of suboptimal fsc laws can be derived by successive
approximation.

Similarly, we can follow the same approach to examine problem Py .-

THEOREM 6.6. Let Assumptions 3.2, 3.5, 5.3, and 6.2 be satisfied. In addition,
suppose that

(i) the map 7T, is Isc,
(ii) 7, is convex or Gdteauz differentiable,

(i) v € A and is Isc.

Then the mapping _(+) of (6.1) stands for the unique solution of problem Py,

Also, note that Remarks 6.4 and 6.5 remain valid regarding problem Pe_,u'

Appendix. Proof of Lemma 6.1. Since C = {v € V | Bv+ f € T} is
a nonempty closed convex subset in V', (6.4) has a unique solution which is vy =
7c(0). Now we can use a saddle point method to compute vg. Define the Lagrangian
functional (cf. [10, 14])

1
L(v,y,p) = §||v\|2+<Bv—|—f—y;,u> foreachv e Viye T,ue Z.

In fact, it can be easily shown that, if (ug, yo, o) is a saddle point for L, i.e.,

L bl = L ) b) = i L ) bl b)
r;?g%( (u0, Y0, 1) (u0, Y0, to) vef‘f}’lyneT (v,y, ko)
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then wug is a solution of (6.4), and, by uniqueness, ug = vg. Now, since both L and T
are convex, the saddle point (v, yo, t0) is characterized by

oL
%(Umyo,uo) =0,

OL
<ay(vo,yo,ﬂo);y - 2/0> >0 foreachyeT,

oL
%(Uo,yo,uo) =0

so that we have

UO+B*M0:07
(to;y —yo) <0 foreachy €7,
BU0+f:yo cT.

Therefore, in an equivalent way, we get vg = —B* g, where g is uniquely given by
the system
—BB*uo + f = o,
(A1) (1o, y —yo) <0 foreachy €7,
Yo € Ta
which is equivalent to
(A 2) HB*:U‘OH2 S <:u0af7y> fOI‘ eachyGT,
' f—BB*uye”T.

Now it remains to show that such a g exists. In fact, by multiplying by p > 0 in (A.1)
and using the operator of best approximation 77, we obtain the equivalent system

vo = B*R™(yo — f),
(4.3) yo = mr[(1 — pR™")yo + pR™' f]

for some p > 0, where the operator R = BB*. Then we are led to seek a fixed point
of the mapping

0,: T — T
y — 7rl[(l—pR ")y +pR7'f].

Indeed, we have

1©,(y) = ©,@I* < II(1 — pR~")e]?

= [lel* = 2p(R™"ese) + p?|| R e %,

where y, 5 € 7, and e = y — 7.

Since the operator R™! is coercive, we have, for some m’ > 0,
(R Yy;y) > m/||y||* for each y € Z.

It follows that

18,(y) = ©,(I* < (1 —2om" + p?*|R7H|*)|ly — 5>
Therefore, ©, is a contraction for p < 2m//||[R7||?, and thereby it has a unique fixed
point yg, which belongs to 7. This ends the proof of Lemma 6.1.
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